HEIGHTS OF DIVISORS OF 2" —1

LOLA THOMPSON

ABSTRACT. The height of a polynomial with integer coefficients is the largest coefficient
in absolute value. Many papers have been written on the subject of bounding heights of
cyclotomic polynomials. One result, due to H. Maier, gives a best possible upper bound of
n¥™ for almost all n, where ¥(n) is any function that approaches infinity as n — oo. We
will discuss the related problem of bounding the maximal height over all polynomial divisors
of ™ — 1 and give an analogue of Maier’s result in this scenario.
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1. INTRODUCTION AND STATEMENT OF THE PRINCIPAL RESULT

Let ®,(x) denote the n'* cyclotomic polynomial. The n* cyclotomic polynomial is the
unique monic irreducible polynomial over Q with the primitive n** roots of unity as its roots.
It has integer coefficients. The degree of ®,,(x) is p(n), where ¢ is the Euler totient function.

We define the height of a polynomial with integer coefficients to be the largest coefficient
in absolute value. We will denote the height of a polynomial f by H(f).

Much has been studied about H(®,,), which shall henceforth be denoted A(n). In 1946,
P. Erdés stated that log A(n) < n(i+e()leg2/loglogn = He held back its proof because of how
complicated it was. R. C. Vaughan showed in 1975 that this inequality can be reversed for
infinitely many n.

In 1949, P.T. Bateman gave a simple argument that if k is a given positive integer then
A(n) < n?"" if n has exactly k distinct prime factors. Let w(n) denote the number of distinct
prime factors of n. By taking the log of both sides of Bateman’s inequality and using the
fact that the maximal order of w(n) is lolgoign [4, p.355], one can show that Bateman’s
result implies Erdés’ result. Bateman’s upper bound was improved upon by Bateman, C.
Pomerance and Vaughan [1] in 1981, who showed that A(n) < n?~ /=1, They also showed
that A(n) > n2""/*1/(5logn)?*"" holds for infinitely many n with exactly & distinct odd
prime factors.

Related to these problems are questions concerning the maximal height over all divisors of

™ — 1. It is well-known that 2" — 1 = H ®4(x). Thus, 2" — 1 has 7(n) distinct irreducible
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divisors, where 7(n) is the number of divisors of n. Therefore, 2™ — 1 has 27 divisors in
Z|x].

Let B(n) = max{H(f) : f(z) | 2™ — 1, f(z) € Z[z]}. In particular, A(n) < B(n) since
®,,(z) divides 2™ — 1 and B(n) is the maximum height over all divisors of 2™ — 1. In general,
much less is known about B(n) than A(n). In 2005, Pomerance and N. Ryan [8] proved
that as n — oo, log B(n) < nleg3+e())/loglogn  They also showed that this inequality can be
reversed for infinitely many n.

In [6], H. Maier found an upper bound for A(n) that holds for most n.

Theorem 1.1 (Maier). Let ¥ (n) be a function defined for all positive integers such that
¥(n) — 00 asn — oo. Then A(n) < n¥™ for almost all n, i.c., for all n except for a set
with asymptotic density 0.

Maier’s upper bound has been shown to be best possible [5]. In this paper, we consider
an upper bound for B(n) that holds for most n.

Theorem 1.2. Let ¢(n) be a function defined for all positive integers such that 1¥(n) — oo
as n — oo. Then B(n) < n™™¥™) for almost all n, i.e., for all n except for a set with
asymptotic density 0.

It is not yet known whether this upper bound for B(n) is best possible.

2. PROOF STRATEGY FOR THEOREM 1.2

Since 2" — 1 =[], Pa(z), then B(n) = H (ITsep ®a(z)), where D is a subset of divisors
of n for which [],., ®4(x) has maximal height over all products of distinct cyclotomic
polynomials dividing ™ — 1.

In [8], Pomerance and Ryan show that if fi, ..., fi € Z[x] with deg f; < --- < deg f; then
H(frfr) < TIZ degfi) TTE, H(f;). Thus, when n > 1,

(2.1) B(n)=H (H <I>d($)) <TI0 +e@) [T A@ < n#? [T Ald) < "™ [T A).
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Let Ag(n) := max A(d). Then from (2.1), B(n) < n™™ Ay(n)™™, since A(d) < Ay(n) for

din
each d | n. So, if we show that Ag(n) < n¥™ for almost all n, we will have
(2.2) B(n) < n™ ™ Ay(n)™ < pm0) L pre(n) = gpr(men)

for almost all n. Since 1 (n) is any function that goes to infinity as n approaches infinity, we
will have proved the theorem.

Thus, we have reduced the proof of Theorem 1.2 to the following proposition, which shall
be proven in section 4.



HEIGHTS OF DIVISORS OF z™ —1 3

Proposition 2.1. We have Ag(n) < n¥™ for almost all n.

3. KEY LEMMAS

€u(n)

Let w(n) be defined as in section 1. Write the prime factorization of n as p{*--- Doy »

where py > py > -+ > pum), e > 1 for 1 <k < w(n). Thus, we have functions p, = pi(n)
defined when k < w(n). If k > w(n), we let pr(n) = 1.

To prove our proposition, we will show that for most integers, the size of the prime factors
pr. decreases rapidly on a logarithmic scale as k increases.

Lemma 3.1. Let 2 <y <e. The set {n:w(n) > loﬁ}goi”} has density 0.

Proof. Since 2 < v < e then log v € (0,1), s0 1 < @. Now, the normal order of w(n) is

loglogn [7, p.111], so for each € > 0, w(n) < (1 + &) loglogn must hold, except for a set of

n with asymptotic density 0. In particular, since ¢ = @ —1> 0, then w(n) < @ log logn

for almost all n. O

Let u(n) be the Mobius function. From [6, Lemma 5], we know that if 2 < v < e then
there is a constant ¢(y) > 0 such that for each natural number k <log log z/log 7,

#{n<z:pn)#0, logp, >~y Flogz} <« ze Wk,

The following lemma says that we can remove the restriction that u(n) # 0, i.e., we do
not need to assume that n is square-free.

Lemma 3.2. Let 2 <y < e. Let x > 1. There are positive constants co(y),Cy such that for
each natural number k < loglog x/log~,

#{n <z :logpy >~ Floga} < Chwe 0k,

Proof. We adopt the same strategy as in [6]. The following is a classical result, due to
Halberstam and Richert [3, Thm 01]: Let f be a non-negative multiplicative function such
that for some numbers A and B and for all numbers y > 0, we have

f
(3.1) > f(p)logp < Ay, ZZ " < B,
Py v>2
where p runs over primes and v runs over integers. Then, for all numbers z > 1,

f(n
(3.2) > fn)<(A+B+1) log:z:z

n<x n<x
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We apply this theorem with f(n) = v*{472)  where w([t, 2], n) is the number of distinct
prime factors of n in the interval [t, z], with t = 27", b > 1 (b will be specified later). In
order to apply the theorem, we need to check that both conditions in (3.1) are satisfied.

As usual, let §(y) = Zpgy log p. Since 0(y) < 2ylog2 < 2y [7, p.108] then
> f(p)logp < 2by

P<y
for all y. Thus, the first condition is satisfied, with A = 2b.
Next, we show that the second condition is satisfied for a suitable number B, namely
that the double sum converges. Consider the sum Zp > bﬁ—upubw([t’y]’py), where p runs over
primes, v > 2. Since w counts only distinct prime factors, we have w([t Y, p”) < 1. So,

p v>2

It is easy to see that

2 3 lo p
(3.3) Z<E+]§+ )logp—QZ &

p
holds, and that the sum in (3.3) is less than 4. Thus, the second condition is satisfied, with
B = 4b.

Therefore, by (3.2), we have
(3.4) Z w([t,z],n) 2b+4b+ ) X Zﬂé?b X ﬂ

— log x

n<x n<x

n<x n

Now, > ) < Hpq <1 + £ (p) + £ ( 2. ), since f is a non-negative multiplicative

function (certainly all prime factors of each n < z are in this product). Taking the log of
both sides, we have

log<zf ) < logH<1+ f;p2>+---)

- _ logE(l—l—f(p) <%+]%+>)
= 1og1:[<1+]%> => o g(1+;(—p)1).

Thus,
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since f(p) =1 when p < t and f( ) = b when t < p < z. By Mertens’ first theorem [7, p.92],

Z —_— Z —— =loglogz + (b — 1)(loglog x — loglogt) + O(b).

p<t t<p<zx p

Let a be the constant associated with O(b). After undoing the logarithms, we are left with

f(n log z bt
3.5 < ;1
( ) ; 1 lOgt )
where C) = €. Inserting (3.5) into (3.4), we have
log x b=
) bw([t,x],n) <7
(3.6) ; < ThChx Toa1

Let CQ = 7bCl Let
(1+¢e)(b—1)

N=#{n<z:w(tz],n)> log b

(loglogx — loglogt)}.

Using (3.6), we have

b1
NS (toglog #—log log 1) < wa([m]’n) < Cyr (10gm> .

= logt
But
b%(loglogm—loglogﬂ — p(1+e)(b-1)(loglog z—loglog t) _ (bﬂ) (0D '
logt
So
_ sz(logt)b_l — Cor (logx)_s(b_l)
~ (Enyorae-n 7 \logt '
In other words,
(3.7) w([t,z],n) < w(log log z — loglogt)

log b

logz ) e(b—1)
logt '

Now, fix € > 0, b > 1 such that %logv < 1. Let k < loglogz/log~y. Recall that
t =27 ". Then, if logpr > v *logz, we have
(1+¢e)(b—1)
log b

for all n < x except for a set of cardinality at most Cox (227

(3.8) w(lt,z],n) 2 k =

klog~y.

. . 14+¢)(b—1)
Since klog~y = loglogx — loglogt, we have w(|t, z|,n) > T 1o(b

this contradicts (3.7) except for a set of cardinality at most C’gx(llzgf )=¢=D_ Thus, the set

(loglog x — loglogt). But



6 LOLA THOMPSON

of n < x with logp,, > 7 *logz has a cardinality of at most C’Qx(llzif) -1 Since t = 27",
we have
#{n <z :logpy >~ Floga} < Cowe reb-Dos),
Taking co(y) = (b — 1) log(7y), we obtain the desired result. O

The following lemma says that, except for a sparse set of integers n, log p; is small when
k is sufficiently large.

Lemma 3.3. Let 2 < v < e. Let € > 0 be arbitrary and let ky = log(g(lf_e;oz?y(;))/@)

co(y) and Cy are as in Lemma 3.2. Then, for x sufficiently large, the set {n < x : logpy >
v~Flogx for some k > ko} has cardinality at most 2ex.

, where

Proof. Fix e > 0. Let S = {n < x : logp, > v *logx for some k > ko} and let S, = {n <
7 :logpr >y ¥logr}. By Lemma 3.2, we have

Llolgf)lgo’gyzj
log1
#S< Z # Sk +#{n:wn) > Oi;ix Z Coze~ 0k 4 cp
k=[ko] k=[ko]

for sufficiently large z, since {n : w(n) > lolgolﬂ} has density 0 by Lemma 3.1. But the sum
g7y
on the right is a convergent geometric series, so

CQxe ’Y)k()

1 — e—co(v)

# S < + ex.

Thus, using the definition of k,
H{n <z :logpr >~ "logx for some k > ko} < 2ex.

4. PROOF OF PROPOSITION 2.1

Proof. Maier shows in [2] that if ¢(n) is any function defined on all positive integers n such
that ¢ (n) — 0o as n — oo then A(n) < n¥™ for almost all n. Key to this proof is the fact
that

w(n)

(4.1) log A(n) < C’ZZ"f log px.
k=1

for all square-free integers n, where C' > 0 is a constant and py = px(n) is as above.

We define the radical of n, denoted rad(n), to be the largest square-free divisor of n.
Since ®,() = Praa(n)(@"/124)), the coefficients of ®,,(z) are the same as the coefficients of
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Prad(n)(x). Thus, A(n) = A(rad(n)). As a result, we can use (4.1) for any positive integer
n, since

w(n)
log A(n) =log A(rad(n)) < C Z 2F log py.

k=1

For each d dividing n, let d = pffc’ldp;?j . -pZ“Eg;)’C‘Z, where p1g > poa > -+ > Pu(a),a and

epa > 1for 1 < k < w(d). Also, let prq = 1 for & > w(d). Since d | n then the primes
dividing d also divide n. Thus, prq < pi for all £, so

w(d) w(d) w(n)
> 2¥logpra <Y 2" logp, <> 2Flogpy.
k=1 k=1 k=1

w(n)
Thus, log A(d) < C’Z 2% log py. holds for all n and for all d | n. Since log Ag(n) = log A(d)

k=1
w(n)

for some d | n we then have log Ayg(n) < C Z 2F log py.
k=1

Let € > 0 be arbitrary and let ky be as in Lemma 3.3. Combining the above inequality
with Lemma 3.3, we have

w(n) w(n)
(4.2) log Ag(n) < C'Y 2¥logpy =C Y 2%logp, +C Y 2*logp,
k=1 k<|ko] k=lko]+1
w(n)
(4.3) <C Y Plogpe+C Y (2/9)Flogx
kSLkoJ k:\_koj-‘rl

for all n < x except for a set with cardinality < 2ex. Since 2 < v < e then (2/7) < 1.
Hence, ZZ(:L),CO J(2/fy)k is part of a convergent geometric series, so it is bounded above by
some positive constant L that is independent of n.

Now, if \/z < n < x then 2logn > logz, so
w(n) w(n)
3 @/)flogr <2logn Y (2/7)" = 2Llogn.

k= U{:oj-i-l k= Lkoj-i—l
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Then, if n is such that (4.3) holds,

log Ap(n) < C Z 2¥logpy +2Llogn
k<[ko]

< gkl Z logpr +2L1logn
k<|ko]

= 2kl O log( H pr) + 2L1logn
k<|ko]

< log(n®"*'%) + log(n®").

Thus, Ao(n) < n2"*'C . 2L Then, we have

log(s(1—e~%0(7))/Cy) log(e(1—e~“0(1))/Cy) —1
—co(7) —co(7) —_e—co() co(7)
Ao(n) < n? ¢ -n2l < pe 0 o2l = plemem0)/Co) 0t 2L

As mentioned, this holds for all n with /x < n < z and for which (4.3) holds. Therefore, for
—eg(ny -1
any € > 0 there is a constant C3 = (5(1+20()))60<7) + 2L such that for all sufficiently large

x, every n < x satisfies Ag(n) < n®, except for at most 2ex + /= of them. Since & > 0 is
arbitrary, this proves Proposition 2.1, which concludes the proof of our main theorem. [J
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